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1 Overview

These notes give some calculation details for the binomial melding test. See Fay, Proschan and

Brittain (2014) for the motivation and other melding test examples.

Suppose X; ~ Binomial(n;, 0;) for two independent samples. We are interested in two-sample
inferences on functions of the parameters, 5 = g(f1, 0,), such as the
difference: 5 = g(01,06,) = 05 — 0,

ratio: 3= g(6;,0;) = z—f or

odds ratio: [ = g(6,,0:) = 238:23

The 100(1 — «)% one-sided lower and upper one-sided melded confidence limits for 5 = g(6;, 62)

are
Ls(x,1 —a) = the ath quantile of g {Up, (x1, A), Ly, (x2, B) }, (1)

and
Us(x,1 —a) = the (1 — a)th quantile of g { Ly, (x1, A), Up,(x2, B)}, (2)

where Ly, (x;, q) and Uy, (x;, q) are the 100q% one-sided confidence limits for #;, and A and B are
independent and uniform random variables. The one-sided confidence intervals can be combined
to get two-sided intervals that are central ones. For example, a 95% central (and hence two-sided)
confidence interval is { Ls(x,0.975), Ug(x,0.975)} .

For the binomial problem we use exact one-sided limits for Ly, (x;, ¢) and Uy, (x;, ¢). This means
that
Ty = Lo, (x;,A) ~ Beta(z;,n; —x; + 1)
and

TUi = UGZ-(Ii, B) ~ Beta(xi + 1,712' - ZEZ)



except if ; = 0 then Ly, (0, A) is a point mass at 0, and if z; = n; then Uy, (n;, B) is a point mass
at 1.

For alternative is greater, we test

Hy :g(6h,62) < By
H :g(6h,62) > Bo

Let py (o) be the associated one-sided p-value, which is the solution to

Ls(x,1—pr(Bo)) = Bo-

For alternative is less, we test

Hy: g(01,02) > Bo
H1 19(01,92) < BO

and we let py(By) be the associated one-sided p-value, which is the solution to

Us(x,1 —=pr(Bo)) = Po.

Now we give the details for each of the three functions for g.

2 Difference

2.1 Lower Limit

When x5 > 0 and z; < n, then we use numeric integration. For the difference, another way to

define py, is

pr(Bo) = PaplLe,(B)— Uy (A) < Bo]l = P[Tr2 < fo+Tin] = /01 Fra(t + Bo) fua(t)dt,

where Fps is the cumulative distribution of 775, and f;; is the density function of 7. Then to

find Lz(x,1 — o) we use a root solving function and find the value of /3, such that p;,(5) = a.

When 2, = 0 and x; < n; then

Lsg(x,1 —a) = oathquantile of {0 — Ty}
= —1 times the (1 — «)th quantile of 77
= —Fyi(l-a)
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where Fj;| (1 — ) = gbeta(l — o,z + 1,0y — 11).

The p-value is the p that solves Lg(x,1 — p) = S, or

—F5i (1= pr(Bo) =Bo
= 1-p(f)  =Ful(-f)
N pr(Bo) =1— Fin(—5H)

When x5 > 0 and 1 = n; then
Ls(x,1—a) = athquantile of {775 — 1}
= FL_21(04) -1

where F ;' (o) = gbeta(a, 29, ny — 29 + 1).

The p-value is the p that solves Lg(x,1 — p) = S, or

Fr(pe(Bo) —1 = fo
= pr(Bo) = Fin(1+ fo)

When 25 = 0 and z; = n; then Lg(x,1 — o) = —1 for all a. So py(5y) = 1 for all f3y.

2.2 Upper Limit

When 25 < ny and x; > 0 then we use numeric integration. For the difference, another way to

define py is

pu(Bo) = PaplUsp(B)— Lo, (A) > Bo] = Pap |[—Tv2+ T < —fo)

= PlT1 <Tys— o] = /01 Fri(t — Bo) fu(t)dt,

Then to find Us(x, 1 —a) we use a root solving function and find the value of /3, such that py () =

Q.

When x5 = ny and x; > 0 then

Us(x,1 —a) = (1— «)thquantileof {1 — T}

= 1 plus the (1 — «)th quantile of — T}

= 1 minus the ath quantile of 77,

= 1= FEll(a>
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where F;'(a) = gbeta(a, x1,ny — 21 + 1).
The p-value is the p that solves Us(x,1 — p) = S, or
1—Fii'(po(B0)) = fo
= pr(5o) = Fri(1 = Bo)
When x5 < n9 and z; = 0 then

Us(x,1 —a) = 1— athquantile of {75, — 0}
= Fp(l-a)

where Fy5 (1 — ) = gbeta(l — o, z9 + 1,19 — 3).
The p-value is the p that solves Us(x, 1 — p) = S, or

Foy(1=p(Bo)) = Bo
= pr(Bo) =1— Fya(fo)

When 23 = ny and z; = 0 then Ug(x,1 — a)) = 1 for all a.. So py(By) = 1 for all S.

3 Ratio

3.1 Lower Limit

When x5 > 0 and x; < n; then we use numeric integration:

L92 (B)
U91 (A)

pr(Bo) = Pas l < ﬁo] = P [T < BoTin] = /01 Fra(tpo) fur (t)dt,

where Fs is the cumulative distribution of 775, and fy is the density function of 7. Then to

find L(x,1 — ) we use a root solving function and find the value of /3, such that p.,(5y) = a.

When x5 = 0 and z; < n; then

0
Ls(x,1 —a) = «othquantile of {} =0 forall o
Tin

SOpL =1.



When x5 > 0 and 1 = n; then

Ls(x,1 —a) = oathquantile of {775}
= Fpy(a)

where F,} (o) = gbeta(a, 29, ny — 29 + 1).
The p-value is the p that solves Lg(x,1 — p) = [, or

Fry (pn(Bo)) = Bo
= pr(Bo) = Fr2(Bo)

When x5 = 0 and 21 = n, then Lg(x,1 — ) = 0 for all . So pr(5p) = 1 for all fy.

3.2 Upper Limit

When x5 < ny and x; > 0 then we use numeric integration:

pu(Bo) = Pap [522 Ei; > Bo| = Pap [Tu2 > Tra B
= P [Tm < 7;]02 = /01 FLl(ﬁtO)fm(t)dt;

Then to find Ug(x, 1 — ) we use a root solving function and find the value of 3, such that py (5y) =

.
When x5 = ns and x; > 0 then

1
Us(x,1 —a) = (1— «)thquantile of {}
Trq
= 1 over the ath quantile of 77,

1
F511<O‘)

where F;'(a) = gbeta(a, x1,n; — 21 + 1).
The p-value is the p that solves Us(x, 1 — p) = 3, or

71 pr—
F N pr(Bo)) Po

= pu(Bo) =Fmn (;())



When 25 < ng and z; = 0 then
1
Us(x,1 —a) = 1— athquantile of {(1)]2} = oo for all «
So the py = 1.

When x5 = ny and z; = 0 then Up(x,1 — ) = oo for all a. So py(5y) = 1 for all §y.

4 (dds Ratio

4.1 Lower Limit

When z, > 0 and x; < n; then we use numeric integration:

Lay(B)(1 — Uy, (A))
(1 Lo,(B))Us, (4) = /301

1 =Ty + Bl

! Pot
= /0 FL2<m)fU1<t)dta

pr(Bo) = PA,B[

where Fp, is the cumulative distribution of 775, and f;; is the density function of 7y;;. Then to
find Lz(x,1 — o) we use a root solving function and find the value of /3, such that p.,(5y) = «a.

When x5 = 0 and z; < n; then

0
Lg(x,1 —a) = «othquantile of {} = 0 forall o
Tt

SOpL =1.

When x5 > 0 and z; = n; then

0

Lg(x,1 —a) = «athquantile of { ———

}:Oforalla
SOpL: 1.

When x5 = 0 and 21 = n, then Lg(x,1 — ) = 0 for all . So pr(By) = 1 for all Fy.



4.2 Upper Limit

When x5 < ns and z; > 0 then we use numeric integration:

B Ly (A)

w50 = Pun |y >

= PTys(1 —Tp1) > BoTra(1 — Tyo)]
T2

= P|T;; <
[LI_TU2+ﬁO_BOTU2]

! t
/o F“(m)fug(t)dt,

Then to find Ug(x, 1 — ) we use a root solving function and find the value of 3, such that py (5y) =
a.

When (x9 = ny and x; > 0) or (xr2 < ny and x; = 0) or (x2 = ny and x; = 0) then
Us(x,1 —a) = ooforall o

SOpU = 1.



