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Abstract

The cda package implements the coupled-dipole approximation for electromagnetic scattering
by sparse collections of subwavelength particles, with a particular focus on plasmonic nanoparticles
in the visible regime. The interaction matrix is formed in C++ code for speed; convenient wrapper
functions are provided at the R level to calculate the extinction, scattering, and absorption of light
by particles with linearly and circularly polarised light. Functions are also provided to calculate
orientation-averaged circular dichroism, and display clusters of nanoparticles in three dimensions
using RGL or povray.

The system consists in a three-dimensional arrangement of small ellipsoidal particles in arbitrary
orientations, as shown in figure 1. Here the position and orientation of the particles was chosen to
follow a helix.

φ

ψ
x

y

z(a) (b)

Figure 1: (a) Schematic of the 3D arrangement of particles. (b) Orientation of prolate particles in
space using two Euler angles.

1 Coupled dipole model

Each dipole scatters light in proportion to the local field it experiences,

pdip = αEloc, (1)
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where α is the polarizability tensor describing the individual nanoparticle. The prescription of Kuwata
et al. [1] was chosen, which provides an accurate approximation for particles below ∼ 100 nm in size.
Each dipole may be placed in arbitrary orientation, and to this end the polarizability tensor must be
transformed to a rotated frame.

Let us describe each nanoparticle by a diagonal polarizability tensor in the reference frame of
its principal axes. The rotation of this reference frame to the actual position of the particle can be
described by three Euler angles ϕ, θ, ψ and a rotation matrix 1

R =

 cosψ cosϕ− cos θ sinϕ sinψ cosψ sinϕ+ cos θ cosϕ sinψ sinψ sin θ
− sinψ cosϕ− cos θ sinϕ cosψ − sinψ sinϕ+ cos θ cosϕ cosψ cosψ sin θ

sinϕ sin θ − cosϕ sin θ cos θ

 . (2)

A dipole in orientation ϕ, θ, ψ will be described by a polarizability R−1αR in the global reference
frame.

The local field
Eloc = Einc +

∑
dipoles\itself

Ed, (3)

is the sum of the incident field plus the contribution of the dipolar field associated with the other
dipoles in the system. The field radiated by a dipole reads,

Ed =
eiωr/c

4πε0

{
ω2

c2r
r̂× p× r̂+

(
1

r3
− iω

cr2

)
[3(r̂ · p)r̂− p]

}
. (4)

By grouping together the dipole moments we can cast equation 3 in matrix form,

AP = Einc, (5)

where A is the interaction matrix that describes the electromagnetic coupling between the dipoles in
the non-diagonal blocks,

Aij =
e(ikrij)

rij

{
k2(r̂⊗ r̂− I) +

ikrij − 1

r2ij
(3r̂⊗ r̂− I)

}
, (6)

and the block diagonal Aii = α−1 is formed with the inverse polarizability of the individual dipoles,
in the global (x, y, z) reference frame.

When the dipole moments are known by inversion of equation 5, the extinction cross-section can
be obtained for a given incident field following,

σext =
4πk

|Einc|2
ℑ(Einc

∗ ·P). (7)

1.1 Computation of circular dichroism

Circular dichroism can be calculated from the difference in extinction for left-handed and right-handed
circularly polarised light, averaged over the full solid angle of incident light,

σCD = ⟨σL⟩Ω − ⟨σR⟩Ω . (8)

The incident field incident along x is written as,

Einc =
exp i(ωt− kxx)√

2

0
i
1

 (right-handed) (9)

Einc =
exp i(ωt− kxx)√

2

0
1
i

 (left-handed). (10)

1using the same conventions as http://mathworld.wolfram.com/EulerAngles.html
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More generally, the incident beam will be characterised by a wave-vector k and an electric vector Einc

describing the light polarisation, and both of these vectors can be rotated using the rotation matrix
R as R−1k and R−1Einc.

The interaction matrix A does not depend on the direction of the incident field, it may therefore
be advantageous to compute A−1 (at each wavelength) and perform the matrix-vector products for all
the required incident fields. The CD spectra obtained experimentally are averaged over all orientations
of the incident beam, it is therefore necessary to use incident wave-vectors that span the full range of
ϕ ∈ [0, 2π], θ = π/2, ψ ∈ [−π/2, π/2].

Averaging the extinction cross-section over all incident field directions is performed by numerical
integration,

⟨σ⟩Ω =
1

4π

∫ 2π

0

∫ π/2

−π/2
σ(ϕ, ψ) cosψdψdϕ. (11)

A Gauss-Legendre quadrature scheme is used to perform the integration, so that the evaluation of
the extinction cross-section is performed for a relatively low number of angles (20×20 seems sufficient).
Other integration schemes are also possible.
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[6] Baptiste Auguié, Xesús M. Bendaña, William L. Barnes, and F. Javier Garćia de Abajo. Diffract-
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