
The Educational Testing Problem

Adam Rahman

September 4, 2017

The educational testing problem arises in measuring the reliability of a student's total score in an examination
consisting of a number of sub-tests[2]. In terms of formulation as an optimization problem, the problem is to determine
how much can be subtracted from the diagonal of a given symmetric positive de�nite matrix S such that the resulting
matrix remains positive semide�nite[1]. The lower bound of the reliability coe�cient for the student's test scores is
the optimal value of the objective function.

The Educational Testing Problem (ETP) is formulated as the following dual problem

maximize
d

1Td

subject to
A− diag(d) � 0

d ≥ 0

where d = [d1, d2, ..., dn] is a vector of size n and diag(d) denotes the corresponding n × n diagonal matrix. In the
second constraint, having each element in d be greater than or equal to 0 is equivalent to having diag(d) � 0.

The corresponding primal problem is

minimize
X

tr(AX)

subject to
diag(X) ≥ 1

X � 0

The function etp takes as input an n × n positive de�nite matrix A, and returns the input variables required to
solve the educational testing problem using sqlp.

R> out <- etp(A)

R> blk <- out$blk

R> At <- out$At

R> C <- out$C

R> b <- out$b

R> sqlp(blk,At,C,b)

Numerical Example

Consider the following positive de�nite matrix, stored in sdpt3r as Betp
1.000 0.299 0.931 0.550 0.282
0.299 1.000 −0.152 0.389 0.689
0.931 −0.152 1.000 0.624 0.386
0.550 0.389 0.624 1.000 0.588
0.282 0.689 0.386 0.588 1.000
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Solving this problem using sqlp, we have

R> data(Betp)

R> out <- etp(Betp)

R> blk <- out$blk

R> At <- out$At

R> C <- out$C

R> b <- out$b

R> out <- sqlp(blk,At,C,b)

The lower bound of the reliability coe�cient for the educational testing problem is stored as the solution to the
dual objective function, and the amount that can be subtracted from each diagonal element of the original matrix is
tored in the output vector y.

R> out$dobj

[1] -0.3353011

R> out$y

[,1]

[1,] -0.06640282

[2,] -0.06686908

[3,] -0.06677325

[4,] -0.06787994

[5,] -0.06737597
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